GENERALIZED WARPING IN PRE- AND POST-BUCKLING ANALYSIS OF
COMPOSITE BEAMS

Amalia K. Argyridi
Institute of Structural Analysis and Antiseismic Research, School of Civil Engineering
National Technical University of Athens
Athens, 15780, Greece
e-mail: a.argyridi@gmail.com

Evangelos J. Sapountzakis
Institute of Structural Analysis and Antiseismic Research, School of Civil Engineering
National Technical University of Athens
Athens, 15780, Greece
e-mail: cvsapoun@central.ntua.gr, web page: http://users.ntua.gr/cvsapoun/

Keywords: Nonuniform warping, Shear lag, Flexure, Torsion, Shear deformation,
Composite beams, Flexural-torsional buckling, Postbuckling analysis, Non-linear analysis

ABSTRACT

Shear lag phenomenon has been observed in many structural members (e.g. beams of box-
shaped cross sections, folded structural members). Its influence is considered to be much
more important in non-linear analysis. However neither Euler — Bernoulli (cross sections
remain plane and normal to the deformed axis) nor Timoshenko (cross sections remain plane
but not normal to the deformed axis) beam theory is able to take into account non-uniform
warping, that is related with shear lag phenomenon, because both of them maintain the
assumption that plane cross sections remain plane after deformation. In order to avoid the
usage of 2d or 3d theory of elasticity models, in this paper, a beam finite element is employed
for the postbuckling analysis of arbitrarily loaded and shaped, composite cross section,
taking into account generalized warping, i.e. shear lag due to both flexure and torsion. The
nonuniform warping distributions are taken into account by using four independent warping
parameters multiplying a shear warping function in each direction and two torsional warping
functions, respectively, which are obtained by solving the corresponding boundary value
problems, formulated exploiting the longitudinal local equilibrium equation. A shear stress
correction is also performed to improve the stress field arising from the employed
kinematical considerations. The finite element equations are formulated with respect to the
independent warping parameters additionally to the displacement and rotation components.
The influence of shear lag phenomenon in postbuckling analysis is investigated through a
numerical example with practical interest.



1. INTRODUCTION

In most cases in the analysis of beam-like structures, Euler — Bernoulli beam theory
assumptions are adopted, while in the case of non-negligible shear deformation effect, these
assumptions are relaxed by using Timoshenko beam theory. However, both theories maintain
the assumption that plane cross sections remain plane (no out-of-plane deformation). In order
to take into account shear lag effects in the context of a beam theory, the inclusion of non-
uniform warping is necessary, relaxing the assumption of plane cross section. For this
purpose the so-called higher order beam theories have been developed taking into account
shear lag [1] effects.

The essential features and novel aspects of the proposed formulation compared with previous

ones are summarized as follows.

i) It takes into account generalized warping (warping and shear lag due to shear, flexure and
torsion) in buckling analysis of arbitrarily shaped, prismatic, composite beams.

ii) It performs buckling analysis based on a higher-order beam theory that is of increased
interest due to its important advantages over refined approaches such as 3-D solutions.
iii) The beam is supported by the most general boundary conditions including elastic support

or restraint.
iv) The influence of shear lag phenomenon [1] in postbuckling analysis [2] is investigated
through a numerical example with practical interest.

2. STATEMENT OF THE PROBLEM

2.1. Displacement, strain and stress components

Let us consider a prismatic beam of length L (Fig. 1), of constant arbitrary cross-section A .
The cross section consists of materials in contact, each of which can surround a finite number
of inclusions, with modulus of elasticity £, and shear modulus G, , occupying the regions

Q  (m=12,..M)of the y,z plane (Fig. 1b). The materials of these regions are assumed

homogeneous, isotropic and linearly elastic i.e. the term composite is not referred to layered
beams. Let also the boundaries of the nonintersecting regions Q  be denoted by I'

(m =12,..M ) . These boundary curves are piecewise smooth, i.e. they may have a finite

number of corners. The reference material of the cross section has modulus of elasticity E
and shear modulus G . The geometric characteristics of the composite cross section are
calculated as described in [1]. In Fig. 1b CYZ is the coordinate system through the cross
section’s centroid C, while y., z. are its coordinates with respect to Syz principal shear

system of axes through the cross section’s shear center S. The beam can be supported by
the most general linear boundary conditions and is subjected to the combined action of the
arbitrarily distributed or concentrated axial loading p (X) along X direction, transverse

loading p (x) and p_(x) along the y,z directions, respectively, twisting moment m_(x)

along x direction, bending moments m, (x), m,(x) along Y , Z directions, respectively, as
well as bending m x), m (x) and primary and secondary torsional m x), m s (x)

warping moments.
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Fig. 1. Prismatic beam under loading (a) with a composite cross section of arbitrary
shape occupying the two dimensional region Q (b).
Under the aforementioned loading the displacement field of the beam with respect to the
Syz system of axes is given as

u(x,y,z)=u’"(x,y,z)+u’(x,y,z) =
()4 8,()7 -8, () 41, () (3,2) +

primary

1y ()4 (0:2) + 1, (x) 8 (3,2) + & (0) 4 (32) (1a)
v(x,y.z)=v(x)—z-sin(6,(x))-y (1 cos(@r(x))) (1b)
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where u, v, w are the axial and transverse beam displacement components with respect to
the Sxyz system of axes, while #”, #° denote the primary and secondary longitudinal

displacements, respectively. Moreover, v(x), w(x) describe the deflection of the center of
twist S, while u(x) denotes the “average” axial displacement of the cross section. 6, (x),
17

,(x) are the angles of rotation due to bending about the centroidal Z, Y axes,

respectively; 7, (x), &, (x) are the independent warping parameters introduced to describe
the nonuniform distribution of primary and secondary torsional warping, while 7, (x) ,
n, (x) are the independent warping parameters introduced to describe the nonuniform
distribution of primary warping due to shear. ¢ (y,z), ¢(y,z) are the primary and
secondary torsional warping functions with respect to the center of twist S [3] while



@y (»,2). @, (v.z) are the primary shear warping functions with respect to the centroid C.
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Substituting Egs.(1a)-(1c) in the non-linear (Green) strain-displacement relations of the non-
vanishing strains
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the linear and the rest of the non-linear terms) the non-vanishing strain resultants are given
as

Vo = ( REF _Ref443840057 \h 2b)
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where, (-) . denotes differentiation with respect to i.

Considering strains to be small, employing the second Piola-Kirchhoff stress tensor, the
stress components in the region Q (m =12,.,.M ) are defined in terms of the strain ones

as
(Sl [E, 0 0]|(en),
(S,) r=[ 0 G, 0[(r,) (5)
(S‘CZ )m O 0 Gm (7/352 )m

where E is obtained from Hooke’s stress-strain law as

m

E =E, (1-v, )/[(1 +v,)(1-2v, ):l In this study E, is considered instead of E, (
E ~E ). Employing Eqs. (3a)-(3¢c) and after the stress correction for the linear part of shear
stresses (S)’;’ )m , (S)’C’: )m that is presented in [1]
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2.2. Principle of virtual work
According to principle of virtual work
ou =ow )

where SU and SW are the virtual work of the internal and external actions of the beam
respectively.

2.3. Warping functions

P

The warping functions ¢’ , @}, @7, ®°, ®;, ®;,®’ that have been employed in section

2.1 are obtained after solving corresponding boundary value problems, formulated
exploiting the local equilibrium equations in the longitudinal direction and the corresponding
boundary conditions as presented in [1].

3. NUMERICAL SOLUTION



The described problem is numerically solved employing the Finite Element Method (FEM)
for the discretization and the incremental solution of Eq. (9).

4. NUMERICAL EXAMPLE AND CONCLUSIONS

In this example a cantilever beam of length L=Im consisting of a IPE300, steel (
E=2.1-10° kN/mz, v=0.3 ) cross section is analyzed. The free end of the beam is

subjected to a concentrated load along its weak axis. The resulted load — displacement curves
are presented in Fig. 2 as calculated by Generalized Warping Beam Theory (GWBT - present
study), Euler — Bernoulli Beam Theory including (E/BBT+warp) or not (E/BBT) primary
torsional warping, using a code of the authors, and 3-D solid Finite Elements using a
commercial FEM package with solid modelling capabilities [4]. The importance of shear lag
phenomenon is highlighted through the results of the treated example.
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Fig. 2. Load with respect to displacement along loading direction (a) and torsional
rotation (b) of the beam of the numerical example.
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INEPIAHYH

To @owvopevo TG STUNTIKNAG VOTEPNONG £XEL TopatnpnOel o€ TOAAG dopukd pEAN ().
dokol kuPmtioedovg dlatouns, mTuymtol eopeig). H emppor] tov Bempeiton moAd mo
ONUOVTIKT OTN U1 YPUUIKY avdAvorn. Qotdco ovte 1 Bswpio Euler —Bernoulli () dwatopn
TOPOUEVEL ETULTEDT KOl KAOETN GTOV TOPALopPOUEVO dEova) ovte 1 Bewpia Timoshenko (1
Statopn mopapéver eminedn aAld Oyl KAOETN GTOV TAPOUOPPOUEVO GEOVE) Eival tKOvY va
AaPer voyn TV avopolduopen oTpEPAmOT, Tov oyeTileTol HE TO QUVOUEVO TNG
OLOTUNTIKNG VOTEPMONG, EMELON Kol 01 dV0 Bewpieg dtatnpodv TV vobeon 0Tl emimedeg
olatopég mapoauévouy emimedeg petd v mapapdpemon. Ilpokeyévou va amopevydel 1
ypnon pHoviédwv 2-didotatng 1 3-01d0tatng €AOCTIKOTNTOG, O OLTN TNV €Pyacia,
vAomoteital va TEMEPAGUEVO GTOLYEIO OOKOV Yiot TN HETOAVYIGHIKY OvAALGT SOK®V LIo
TUYOVoN (POPTIOT, TLYOVCOG CUUIIKTNG OLOTOUNG, AQUPAVOVTAG LVITOWYN TN YEVIKELUEVN
oTpEPAmon, dnAadn StaTunTIKn voTépnon €€ otiog Kapyng kot otpéyng. H avopoidpopen
otpéPAmon AapuPavetal VITOYN YPNCULOTOIDVING TEGGEPES OVECAPTNTEG TOPAUETPOVG
oTpEPAONG TOAMATAAGIOLOUEVES [LE dVO SLOTUNTIKEG CUVOPTNOELG OTPEPAMONG Yo KApyM
o€ k0Be d1evBuvon Kot dVO GTPEMTIKEG CLUVOPTNOELS GTPEPAMONG, OVTIGTOLYO, Ol OTOIEG
TPOKVITOVV EMIADOVTAG TO OVTIGTOLYO TPOPANIATA GUVOPLIK®Y TIUDV, TOV LOPPOVOVTOL
amd TNV EQAPUOYT TNG SIOUTKOVG TOTIKNG e&lomong tooppomtiag. Mo 516pBmon dtatuntikdv
TACEWOV VAOTTOLEITAL EMIONG TPOKEEVOV VO, BEATIOGEL TO TEDI0 TACEMY TOV TPOKVITEL OO
TG Kvnuatikég Bempnoeig mov epappolovial. Ot elomoeic g pebddov memepacUEVEOY
GTOLYEIOV HOPOOVOVTOL OG TPOG TIG OVEEAPTNTEG TAPAUETPOVG OTPEPAONG EmmPOcHeTA
0TI CLVIOTMOES HETOTOMIONG Kot oTpoPns. H emidpaon 1tng Satuntikig votépnong
dtepeguvatar péca amd Eva apliunTIKO TOPASELYLO LLE TPOKTIKO EVOLOPEPOV.



