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1. ABSTRACT

In this work an explicit dynamic Material Point Method accounting for elastoplastic
material behaviour is presented. Following the strain decomposition rule, the strain rates
are uncoupled into an elastic and an inelastic part. The different stages in material
behaviour (elastic loading or unloading, yielding and kinematic hardening) are tracked by
two Heaviside type functions that act as switches. These functions incorporate the Von
Mises yield criterion and result in a final form of the constitutive stress-strain relation that
includes the tangent modulus of elasticity. An explicit scheme is employed advancing the
solution from previously known states while satisfying the CFL stability criterion for the
size of the time step. Numerical examples are presented that validate the proposed
formulation and results are compared with existing dynamic Finite Element codes.

2. INTRODUCTION

The Material Point Method (MPM) [?l is an extension of the Particle in Cell (PIC) method.
It is a hybrid method in a sense that it is based both on a Lagrangian and a Eulerian
description. In Lagrangian methods the computational grid is embedded and deformed with
the material. On the contrary in Eulerian methods the computational grid is fixed and the
material moves through the grid. Eulerian methods are more appropriate in problems in
which the material becomes heavily distorted.

The MPM tracks the deformation history of the material points and drastically reduces the
numerical dissipation that can be found in Eulerian methods. In MPM since the grid is
fixed and the particles track the deformation, problems related to mesh distortion and
element entanglement are alleviated.



The method is considered a hybrid method since it takes advantage of both the Eulerian
and Lagrangian description. At the beginning of each time step a Eulerian background grid
is employed. The material is discretised into a number of material points that hold the
properties and the state of the material (such as position, velocity, density, mass, stresses,
strains etc.). The properties are then transferred to the background grid nodes where the
governing equations are solved. The material points are then updated and the background
grid is reset to its original form. Although the background grid nodes can be moved it is
not necessary and is often avoided. This happens mainly because in a structured grid the
identification of the element that each material point lies in is straightforward and
computationally inexpensive. This is contrast with mesh-free methods like the Smoothed
Particle Hydrodynamics where the nearest neighbour search takes a significant percentage
of the computational time.

3. MPM ALGORITHM

A continuum body Q is discretized by a set of N, material points in an Eulerian grid

composed of N quadrilateral 4 node elements for the background grid (Figure 1).

Fig. 1: MPM discretization

The material points hold the properties of the body: position, velocity, mass, stress, strain
etc. The governing equations that need to be solved are the conservation equations, the
constitutive equation, kinematic and boundary conditions and initial values. These
equations are the following:

Mass conservation: pJ =p,
Momentum conservation: o -V + pb = pv
Energy conservation: pe=D:c+ps+V- (kVT ) )
Constitutive equation: o=0(D,o,etc)
. 1
Rate of deformation: D= E(L + LT)

Where p is the current density, b is the body force per unit mass acting on the body and o is
the Cauchy stress. In the following M), denotes the mass of the particle, M denotes the mass
at the node, x, is the particle position, £ the Young’s modulus and p, the particle mass
density.

The main algorithm of the MPM is the following:



1.Background grid is reset and all its variables are set to zero
2.The element number that each material point lies in is identified.

3.The shape functions and their derivatives are calculated. For each material point 16 shape
function values are calculated and 32 derivatives since every material point maps its
properties to 16 nodes using the cubic B-Splines shape functions. The cubic B-Splines
shape functions have been shown to reduce quadrature errors as well as eliminate the grid
crossing errors due to their shape function gradients being continuous B3} [4],

4.The material point masses, momenta and internal forces are mapped to the nodes of the
background grid
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5.The external forces are also mapped to the grid nodes. In the case where the external
forces are applied directly into grid nodes no mapping is necessary and their values are
added in the corresponding degrees of freedom.

6.The total grid force vector is calculated:

F=F + 3)
7.The grid momenta are updated using an explicit formulation:

(mv), = (mv)," + Fa “

8.Essential boundary conditions are applied to the grid nodes

9.From the updated momenta at the grid nodes the acceleration and velocities of particles
are updated:
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10. Employing the Modified Update Stress Last (MUSL) scheme the final step is to
recalculate the grid nodal momentum based on the new particle velocities and from there
calculate the particle strain and stress increments as:



e (6)

3. PLASTICITY MODEL

According to the theory of classical plasticity the governing equations are the flow rule, the
yield condition, the consistency condition and the hardening rule. For the yield condition a

Von Mises criterion is adopted. The flow rule expresses the plastic strain tensor {é” } in

terms of the plastic multiplier A as:
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The relation that connects stresses and strains in rate form is the following:
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According to the additive decomposition of the strain rates and substituting the relation of
the plastic strain rates we can derive the following relation:

-t o

During yielding ® =0and 4 >0 and considering the consistency condition:
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The hardening law is defined as a relation between the back-stress tensor and the plastic
strain tensor. In any case it is derived as a function of the plastic multiplier:

{n}=4G({n},®) (11)

Using the previous relations and solving for the plastic multiplier we can derive the final
expression for the plastic multiplier:



(12)

The previous relation holds when yielding has occurred. In order to generalize the plastic
multiplier in the whole domain and smooth the transition from the elastic to the inelastic
regime we introduce the following Heaviside type functions BJ [1:

n

b
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JH, =0.5+0.5sign({z} {5}) (13)

The first function H: controls the smoothness of the curve from the elastic to the inelastic
regime while the second function H: controls the loading or unloading/reloading branches.
These Heaviside type functions are introduced directly inside the relation of the plastic
multiplier effectively extending its domain both for the elastic as well as the inelastic
region.

z_H,H{ (m({o}})]}({ }q)){a@({o})]T[D]a@({a})]'_._
| q’g”] (o))

Finally, by substituting relation (14) of the plastic multiplier directly into equation (9) and
after some algebra we can derive the final expression for the tangent elasticity matrix as:

{o}=[E]{¢}
[E]= [D]{[l ]-I— (0.5 +0.5sign ({g}T {('7})) [ R]] (15)
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where [R] is the interaction matrix:
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Now, for the MPM the classic elasticity matrix in (6) is replaced by the tangent matrix
from equation (15) effectively incorporating plasticity into the MPM framework without
the need for a demanding bookkeeping mechanism.

4. NUMERICAL EXAMPLES

To verify the proposed formulation a steel frame structure is considered 6. Material is
steel with Young’s modulus of 207 GPa, yield strength of 470 MPa and 5% hardening is
considered. The frame is fixed and the load applied is constant over time with a value of
444.82 kN. The columns are W12x120 while the beam is W16x36. In Figure 2 the
displacement time history of the left node of the frame is plotted both when the frame is
considered elastic (left) and when plasticity is taken into account (right). Results are
compared to inelastic beam finite element code and are in good agreement [®). The slight
differences that are observed for the inelastic case can be attributed to the difference in the
parameter value n from equation (15) that controls the smoothness from the elastic to the
inelastic region. With the black solid line and dots are the results using beam elements
while the MPM results are plotted in red solid lines. Finally, in Figure 3 the deformed
shape of the frame is presented.
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Fig. 2: Time history of the displacement of the upper l?"t node of the frame (elastic and
elastoplastic behavior) 1.

Fig. 3: Deformed shape for the frame at maximum amplitude.



5. CONCLUSIONS

The Material Point Method has been extended to account for hysteresis and plasticity for
the explicit dynamic analysis of structures. The plasticity model is based on the extension
of the plastic multiplier in the whole domain to account for smooth transition from the
elastic to the inelastic region. The whole formulation results in the tangent elasticity matrix
for each material point that controls its behaviour and is efficiently incorporated into the
Material Point Method. Results that have been presented that verify the proposed
formulation.

6. REFERENCES

Bouc R. “Forced vibration of mechanical system with hysteresis”. Proc. 4th Conf.
on Nonlinear Oscillation, Prague

Sulsky D, Chen Z and Schreyer HL “A particle method for history-dependent
materials” Comput. Methods, Appl. Mech. Eng. 118,179 (1994).

Andersen S, Andersen L “Analysis of spatial interpolation in the material-point
method” Computers and Structures 88, 506-518 (2010).

Steffen M, Kirby RM, Berzins M. “Analysis and reduction of quadrature errors in
the material point method (MPM)” International Journal for Numerical Methods
in Engineering;76:922—48 (2008).

Triantafyllou S, Koumousis V, “Bouc-Wen Hysteretic Plane Stress Element”
Journal of Engineering Mechanics, 138, 235-246 (2012).

Marur SR, Kant T “A stress correction procedure for the analysis of inelastic
frames under transient dynamic loads” Computers & Structures, 50 (5), pp. 603-
613



AYNAMIKH ANAAYXZH METAAAIAKQN KATAYXKEYQN ME TH MEO®OAO
YAIKOY XHMEIOY

Xpiotog A. Lo@ravog
EBviko Metoofio TToivteyveio
Epyaotpilo Xtatikng & Avticeiopukav Epguvov
Zwypaeov, 15780 Abnva, EALGSO
e-mail: sofianoschristos@yahoo.gr

Blaong K. Koopovong
EBviké Metoodfio [Tolvteyveio
Epyactmplo Zratikng & Avticeicpukev Epgovav
Zwypdopov Campus, 15780 Abfva, EALGSa
e-mail: vkoum@central.ntua.gr

IHEPIAHYH

H Mé60do¢ YAikod Znueiov (Material Point Method - MPM) mtpoépyeton amd tig pebdoovg
couatdiov o kel (Particle In Cell - PIC). H xatackevn dtokpitomoleital o £va GUVOAO
VAMK®OV onueiov mTov dotnpodv Tig W10TNTEG Ko TV KATAGTAGCT] TOV VAIKOL OTMC TAGELS,
TOPOLOPPDOCELS, BECELS, TAXDTNTEG KTA. XT1 GUVEYELD, O1 WOIOTNTEG AVTEG TAPEUPAAAOVTL
LLE T XPT|OT] CLVOPTICEMV GYNLOTOGC GE £va TAEYO OTO OO0 Kol EMADOVTOL 01 EEICMCELG
mov OEmovv 10 mPOPAnpo. Ta mpoPAipate Svvapukn ot e€ilcdoelg owtég gival 1M
Sdatfpnon g evépyelag, M datrpnon g palag, n dTnpNnon g opung Kabmg Kot ot
KOTOOTOTIKEG EEIGMOELS KO Ol GUVOPLAKES KOl apyIkéEG ocuvOnkeg. Metd tnv enthvomn 6Tov
KOppovg tov mAEypatog akolovBel n mopepPorn] TOV VE®V 1O10THTOV TG® GTO LAIKE
onueio o omoio, petaxkvoovial. To TAEypa ypnoylomoteital Povo yio TNV ETIALOT TOV
e€lomoemVv Kol 6T0 TEAOG KABE YPOoviKoD PLOTOC ETAVUPEPETAL GTNV APYIKT TOV HOPOT|.
Av16 amotelel kol Evo TAEOVEKTNLO TNG LeBOdOL apol dev dnpiovpyohvtol TpoPAnpaTe
VIEPPOMKNG TOPAUOPPOONG TV GTOLYEIV KaBMG Kol amoPedyeTal 1 ypovofopa evpeon
YEITOVOV TOL PN CILOTOIEITOL GE GALES OlaKpiTéEG eBOdOLG.

Ye avt Vv epyocic m MéBodog YAwoly Znueiov emekteiveton yuoo T HEAETN
EMOOTOTANCTIKOV CUUTEPIPOPMY TOL Eival KLPIOPYEG OTIS UETOAMKEG KoTOoKEVEG. H
KOTOOTOTIKY] OYE0N TOCEMV — TOPOUOPODCEDV TPOKVTTEL OO TO OYOPIOUO TOV
TOPOUOPPDOCEMY GTO EAAOTIKO KOL TO TAUCTIKO HEPOC TOVG, MOV IOYVEL KOl Yo TNV
TEPIMTO®ON TOV TOPAYDY®V TOVE. O TAAGTIKOC TOALOTAAGIOGTNG EMEKTEIVETAL LLE TN XPTOM
000 ovvaptioemy TOmov Heaviside 6g 6A0 10 Ted10 Y10 TNV OAOKANPOUEVT] KATAYPOUPT TNG
EMUOTIKNG GLUTEPLPOPAC, TNG dLOPPONE KAOMDE Kol TNG OmoPOPTIOoNG KOl ETAVAPIPTIONG.
To xpuipo dwppong eivar Von Mises. Olo To mopondved EVOOUATOVOVIOL GTOV
VTOAOYIGHO TOV EPORTOUEVIKOD LETPOV EANCTIKOTNTAS Yo KdOe vAKO onpeio.



